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Abstract
The maximal number of separating 3-cycles in a plane triangulation with given order un-
der certain distance conditions between these 3-cycles is determined. Moreover, a construction
principle of the class of triangulations possessing the maximal number of separating 3-cycles,
which is based on a set of extremal members, is presented. c© 2001 Elsevier Science B.V. All
rights reserved.
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1. Introduction and results
Graphs and triangulations we deal with are 9nite, undirected, and simple. For a
graph or a triangulation T , the vertex set and the edge set of T is denoted by V (T )
and E(T ), respectively. Put v(T ) = |V (T )| and e(T ) = |E(T )|. Let =T be the set of
triangulations of the plane on at least four vertices. It is well known that (the graph
of) each T ∈ =T is 3-connected, that a separator of T consisting of three vertices
induces a separating 3-cycle (in the sequel S3C)  of T , and that the graph spanned
by V (T ) \ V () consists of exactly two components. For T ∈ =T, let S(T ) and s(T )
be the set and the number of S3C’s of T , respectively. By a result in Whitney [5],
T ∈ =T is hamiltonian if s(T ) = 0. Therefore, non-hamiltonicity of T forces T to have
a S3C. In BFohme and Harant [1] it is proved that for a 5-connected plane triangulation
T and for a set C of facial cycles in T such that the mutual distance between any
two cycles in C is at least 3, T has a hamiltonian cycle which contains exactly two
edges of each cycle in C. Moreover, if each face f bounded by a cycle, K3, from C
is triangulated by a maximal planar supergraph G of K3 (K3 ⊆ G, G depending on f)
such that G is either 4-connected or G = K4, then for the resulting plane triangulation
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T˜ , obviously, C = S(T˜ ), the mutual distance between any two S3C’s of S(T˜ ) is at
least 3, and in [1] it is proved that T˜ is hamiltonian. On the other hand, examples
in [1] show that the resulting triangulation T˜ need not be hamiltonian if the initial
triangulation T is 4-connected (but not 5-connected) even if the required minimum
distance between cycles of C is arbitrarily large. Results in BFohme et al. [2] also show
that the minimal distance between S3C’s seems to be a parameter which inPuences the
existence of hamiltonian cycles in plane triangulations. It is easily obtainable from a
theorem in Hakimi and Schmeichel [4] that 06 s(T )6 v(T )−4 for T ∈ =T, and that
all these values except v(T ) − 5 for s(T ) are possible.
For the rest of the paper, we will consider the subset T of =T, where T ∈ =T belongs
to T if all S3C’s of T are mutually edge-disjoint, and if T contains at least two S3C’s.
It is easy to see that in this case v(T )¿ 8. Theorems 1–4 are the main results of the
present paper and list properties of graphs of Td, where d is a non-negative integer
and T ∈ T belongs to Td if d is a lower bound on the (graph-theoretical) distance
between (vertex sets of) arbitrary two S3C’s of T . Theorem 5 is an application of
the approach concerning the existence of hamiltonian cycles. For an integer v ¿ 8,
the numbers d(v) are determined (see Theorem 1), where d(v) = max s(T ) and the
maximum is taken over all T ∈Td with v(T ) = v.
Theorem 1. Let k and v be positive integers. Then
(i) for v¿ 8; 0(v) = 3v=5 − 2 if v ≡ 2(mod 5); otherwise 0(v) = (3v− 16)=5;
(ii) 1(v) = (v− 2)=3 for v¿ 8;
(iii) 2k(v) = (v− 2)=(4k + 1) for v¿ 8k + 4; and
(iv) 2k+1(v) = v=(4k + 4) for v¿ 8k + 8.
A cycle C of an embedded graph is a simple closed curve in the plane and, after
removing C, the plane is decomposed into a bounded part b(C) and an unbounded part.
Consider a S3C  of T ∈T. If at least one of the two subgraphs In() and Out()
of T spanned by V ()∪ (b()∩V (T )) and V ()∪ (V (T )\V (In())), respectively, is
4-connected then  is called to be elementary. Note that we consider a complete graph
on 4 vertices to be 4-connected, that not both In() and Out() are 4-connected since
T contains at least two S3C’s, and that T contains at least two elementary S3C’s.
Finally, let T∗d be the set of all T ∈ Td such that s(T ) = d(v(T )), and let T∗∗d
be the set of all T ∈ T∗d such that all S3C’s of T are elementary. T∗∗d is shown
in Theorem 2 to be 9nite for d ∈ {0; 1} only. T ∈ T∗d\T∗∗d can be constructed by
“gluing” together graphs from T∗d with smaller number of non-elementary S3C’s (see
Theorem 3), hence, the members of T∗∗d play the role of basic building blocks in
this construction. Theorem 4 shows that for an arbitrary integer s between 2 and d(v)
there is a T ∈Td with exactly s S3C’s.
Theorem 2. (i) {v(T ) |T ∈T∗∗0 } = {8; 9; 10; 11; 12; 13; 14; 17; 18; 22},
(ii) {v(T ) |T ∈T∗∗1 } = {8; 9; 10; 12; 13; 16}, and
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Table 1
The number # of triangulations T ∈T∗∗0 on v(T ) vertices (|T∗∗0 | = 47)
v(T ) 8 9 10 11 12 13 14 17 18 22
s(T ) 2 3 4 4 4 5 6 7 8 10
# 2 1 1 1 13 2 1 19 2 5
Table 2
The number # of triangulations T ∈T∗∗1 on v(T ) vertices (|T∗∗1 | = 260)
v(T ) 8 9 10 12 13 16
s(T ) 2 2 2 3 3 4
# 1 1 7 3 39 209
(iii) T∗∗d is in7nite for d¿ 2; moreover; for any integers d¿ 2 and s¿ 2; there
is a T ∈T∗∗d such that s(T ) = s.
With partial help of a computer the values |T∗∗0 | and |T∗∗1 | were calculated (see
Tables 1 and 2).
Let T ′; T ′′ ∈T and let ′ and ′′ with V (′)={x′1; x′2; x′3} and V (′′)={x′′1 ; x′′2 ; x′′3 }
be S3C’s of T ′ and T ′′, such that the vertices of ′ and ′′ have a common neighbour
u′ ∈ V (T ′) and u′′ ∈ V (T ′′), respectively. T is obtained by gluing T ′ and T ′′ together
along ′ and ′′, i.e. we remove u′ from V (T ′) and u′′ from V (T ′′), and identify x′i
with x′′i for i = 1; 2; 3. In this case we will write T = T
′ ⊕ T ′′. Consequences of this
construction are v(T ) = v(T ′) + v(T ′′) − 5, s(T ) = s(T ′) + s(T ′′) − 1. Conversely, if
T ∈ T has a non-elementary S3C , then replacing In() and Out() by K4 with
V () ⊆ V (K4) yields plane triangulations T ′ ∈ T and T ′′ ∈ T, respectively, such
that T = T ′ ⊕ T ′′.
Theorem 3. For d¿ 0;
if T = T ′ ⊕ T ′′ ∈T∗d for some T ′; T ′′ ∈Td; then T ′; T ′′ ∈T∗d; and; conversely;
if T = T ′ ⊕ T ′′ for some T ′; T ′′ ∈T∗d; then T ∈T∗d if and only if
in case d = 0; (r′; r′′) belongs to Table 3; where v(T ′) ≡ r′(mod 5);
v(T ′′) ≡ r′′(mod 5); and r′ 6 r′′;
in case d = 1; (r′; r′′) belongs to Table 4; where v(T ′) ≡ r′(mod 3);
v(T ′′) ≡ r′′(mod 3); and r′ 6 r′′;
in case d = 2k; k ¿ 1; v(T ′) + v(T ′′) ≡ r(mod 4k + 1) with r ∈ {4; 5; 6}; and
in case d = 2k + 1; k ¿ 1; v(T ′) + v(T ′′) ≡ r(mod 4k + 4) with r ∈ {0; 1; 2; 3; 4}.
Theorem 4. For integers d; v; s with d¿ 0; v¿ max{8; 4d+ 4}; and 26 s6 d(v);
there is a T ∈Td with v(T ) = v and s(T ) = s.
As mentioned, the absence of S3C’s implies the existence of a hamiltonian cycle in
a triangulation. However, Theorem 5, as an application of the obtained results, shows,
that possibly also the graphs in T∗d are hamiltonian.
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Table 3 Table 4
r′ 0 0 0 0 0 1 3 4
r′′ 0 1 2 3 4 1 4 4
r′ 0 0 1 2
r′′ 0 2 2 2
A graph T ∈ T is said to have property P if for every x ∈ V (T ) of degree 3 in
T , and for arbitrary two neighbours y; z of x in T , there is a hamiltonian cycle of T
containing the edges xy and yz.
Theorem 5. Let d ¿ 0. If all triangulations of T∗∗d have property P; then every
T ∈T∗d has property P.
It is checked with the help of a computer that all graphs in T∗∗0 ∪T∗∗1 have property
P. With Theorem 5 this implies:
Remark. Every T ∈T∗0 ∪T∗1 has property P.
The problem, whether for d¿ 2 all graphs of T∗∗d have property P, remains open.
Anyway, it is surprising that besides 4-connected triangulations (those without a S3C)
also those in T∗0 (i.e. with maximum number of edge-disjoint S3C’s) are hamiltonian,
since for arbitrary d ¿ 0 and for arbitrary ¿ 0, there is a T ∈ Td such that the
length of a longest cycle in T is at most v(T ) (see [1], Harant and Owens [3]).
2. Proofs
For T ∈ T and x ∈ V (T ) let NT (x) be the neighbourhood of x; dT (x) = |NT (x)|
the degree of x and vp(T ) the number of vertices of degree p in T . For n¿ 5 let Bn
be the bipyramid on n vertices, i.e. Bn is obtained by taking a cycle on n− 2 vertices
and adding two vertices, both connected with each vertex of this cycle by an edge.
Obviously, Bn ∈T.
Lemma 1. s(T )6 35v(T ) − 2 for T ∈T0.
Proof. For a vertex x of a S3C  of T , obviously, b() ∩ NT (x) = ∅, and moreover,
b() even contains y ∈ NT (x) such that the edge xy does not belong to any S3C
of T . To see this note that for any ′ ∈ S(T ) with x ∈ V (′) ⊆ V (In()) also
b(′)∩NT (x) = ∅. By similar arguments Out() also contains an edge incident with x
not belonging to any S3C of T . Hence, dT (x)¿ 4 and 6s(T )6
∑
p¿4 (p−2)vp(T )=
2e(T )−2v(T )−v3(T )=4v(T )−v3(T )−12, since e(T )=3v(T )−6, and, consequently,
12s(T )6 8v(T ) − 2v3(T ) − 24.
Finally, Lemma 1 follows from the last inequality and 3s(T )6 v(T ) + 2v3(T ) − 6;
which we will show by induction on s(T ) even for T ∈T0 ∪ Tˆ where Tˆ consists of
triangulations from =T with at most one S3C.
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The claim is obviously true if s(T ) = 0 and if s(T ) = 1 and v(T )¿ 9. It is left to
the reader to check that it also holds in case s(T ) = 1 and v(T )6 8.
Now, let s(T ) ¿ 2 and  be an elementary S3C of T with V () = {x; y; z}. Then
dT (x) ¿ 5; dT (y) ¿ 5, and dT (z) ¿ 5, because s(T ) ¿ 2 and all S3C’s of T
are mutually edge disjoint. Let T ′ be (the triangulation with graph) In() if Out()
is 4-connected, otherwise let T ′ be (the triangulation with graph) Out(). Obviously,
s(T ′) = s(T ) − 1.
Case |V (T )\V (T ′)| = 1.
Then v(T ′) = v(T ) − 1; v3(T ′) = v3(T ) − 1 and the claim follows from
3s(T ′)6 v(T ′) + 2v3(T ′) − 6.
Case |V (T )\V (T ′)|¿ 2.
It is easy to see that |V (T ) \ V (T ′)| = 2 since T ∈ T0, that v3(T ′) = v3(T ), and
then 3(s(T )− 1) = 3s(T ′)6 v(T ′) + 2v3(T ′)− 66 v(T )− 3 + 2v3(T )− 6 implies the
claim.
Lemma 2. (i) {v|v = v(T ) for a certain T ∈ T0; such that all S3C’s of T are ele-
mentary and s(T ) =  35v(T ) − 2} = {8; 9; 10; 11; 13; 14; 18};
(ii) {v|v = v(T ) for a certain T ∈ T0; such that all S3C’s of T are elementary
and v(T ) ≡ 2(mod 5); s(T ) = 3v(T ) − 16
5
}
= {12; 17; 22}.
Proof. (i) Let  ∈ S(T ) and (w.l.o.g.) In() be 4-connected.
Assume |b() ∩ V (T )| ¿ 3. Let T ′ be obtained from Out() by adding a vertex
x and connecting x by an edge with each vertex in V (). Hence, T ′ ∈ T0, s(T ′) =
s(T ), v(T ′) 6 v(T ) − 2, and with Lemma 1  35v(T ) − 2 = s(T ) 6  35v(T ′) − 2 6
 35 (v(T ) − 2) − 2, which is impossible.
Thus, the vertices of V () have a common neighbour of degree 3 in T for each
 ∈ S(T ). Let T˙ be the triangulation on v(T ) − s(T ) vertices obtained from T by
removing all its vertices of degree 3.
The dual graph of T˙ is a 3-regular plane graph on 2(v(T ) − s(T )) − 4 vertices and
has a set I of s(T ) mutually independent vertices. The number of its edges incident
with a vertex of I equals 3s(T ), but it is at most 3(2(v(T )− s(T ))− 4− s(T )), hence,
s(T )6 v(T )=2 − 1, and, consequently,  35v(T ) − 26 (v(T )=2) − 1.
v(T ) ∈ {8; 9; 10; 11; 12; 13; 14; 16; 18} follows from this last inequality by considering
the cases v(T ) ≡ 0; : : : ; 4(mod 5).
In case v(T )=12 we obtain s(T )=5, so that T˙ would be a 4-connected triangulation
on 7 vertices with 5 edge-disjoint faces; it is easy to see that T˙ does not exist.
Now, consider the case v(T ) = 16, in which T˙ would be a 4-connected triangulation
on 9 vertices with 7 edge-disjoint faces. To show that in this case T˙ does not exist,
is left to the reader as an exercise.
For an arbitrary v(T ) listed in (i), consider s(T ) edge-disjoint faces of Bv(T )−s(T ) (this
is possible because s(T )=26 (v(T )− s(T )− 2)=2) and add to each of these faces
a vertex of degree 3 connected with the vertices of this face. The arising graph has
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v(T ) vertices, belongs to T0, has s(T ) S3C’s, and, since all of them are elementary,
(i) is proved.
(ii) For v(T ) ≡ 2(mod 5), again, let  ∈ S(T ) and (w.l.o.g.) In() be 4-connected,
assume |b() ∩ V (T )|¿ 3, and consider T ′ as in the proof of (i).
From Lemma 1 we have (3v(T )−16)=5=s(T )6  35v(T ′)−26  35 (v(T )−2)−2,
hence we obtain v(T ′) = v(T )− 2; s(T ′) =  35v(T ′) − 2; v(T ′) ≡ 0(mod 5), and using
(i), v(T ) = 12.
Now, assume that the vertices of V () have a common neighbour of degree 3 in
T for each  ∈ S(T ). From the proof of (i) it is clear, that we have to consider the
inequality (3v(T ) − 16)=5 6 (v(T )=2) − 1, and we obtain v(T ) ∈ {12; 17; 22}. Using
the constructions above starting with Bv(T )−s(T ), (ii) is proved.
Lemma 3. If T ∈T0 with v(T ) ≡ 2(mod 5) then s(T )6 (3v(T ) − 16)=5.
Proof. By induction on the number of non-elementary S3C’s of T . If all S3C’s are
elementary, Lemma 3 is true because Lemmas 1 and 2 are.
Let  be a non-elementary S3C of T . Let T ′ and T ′′ be obtained by adding a new
vertex incident with all vertices of V () to the graph In() and Out(), respectively.
Then T = T ′ ⊕ T ′′; T ′; T ′′ ∈T0; v(T ′) + v(T ′′) = v(T ) + 5; s(T ′) + s(T ′′) = s(T ) + 1,
and  is elementary in T ′ and T ′′.
Using Lemma 1 and the induction hypothesis, we will consider the following cases.
Case v(T ′) ≡ 0(mod 5); v(T ′′) ≡ 2(mod 5).
s(T ) = s(T ′) + s(T ′′)− 16 (3v(T ′)=5)− 2 + (3v(T ′′)− 16)=5− 1 = (3v(T )− 16)=5.
Case v(T ′) ≡ 1(mod 5); v(T ′′) ≡ 1(mod 5).
s(T )6 (3v(T ′) − 3)=5 + (3v(T ′′) − 3)=5 − 5 = (3v(T ) − 16)=5.
Case v(T ′) ≡ 3(mod 5); v(T ′′) ≡ 4(mod 5).
s(T )6 (3v(T ′) − 4)=5 + (3v(T ′′) − 2)=5 − 5 = (3v(T ) − 16)=5.
Lemma 4. For arbitrary integers v ¿ 8 and 2 6 s 6 3v=5 − 2 if v ≡ 2(mod 5);
else 2 6 s 6 (3v − 16)=5; there is a T ∈ T0 with v(T ) = v; s(T ) = s; and
v3(T )¿ 0.
Proof. By induction on s. Consider the case s6 4. Then, v− s¿ v− 3v=5 + 2¿
2v=5 + 2¿ 165 + 2, hence, v− s¿ 6. Take Bv−s, consider s edge-disjoint faces of Bv−s
(note that B6 has 4 edge-disjoint faces), for each of these faces, insert a new vertex
into this face and connect it by an edge with the vertices of this face. The resulting
graph has all desired properties, and Lemma 4 is true for s6 4.
Now, let s¿ 5. Obviously, 0(v−5)¿ s−3 follows from 0(v)¿ s. Take T ′ ∈T0
with s(T ′)=s−3; v(T ′)=v−5; v3(T ′)¿ 0, and let x be a vertex of degree 3 of T ′ with
NT ′(x) = {y1; y2; y3}. For T obtained from T ′ by removing x and adding a 6-cycle on
{z1; : : : ; z6} and the edges y1z1; y1z2; y1z3; y2z3; y2z4; y2z5; y3z1; y3z5; y3z6; z1z3; z1z5; z3z5,
we have T ∈T0; v(T ) = v; s(T ) = s, and v3(T )¿ 0.
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Lemma 5. s(T )6 (v(T ) − 2)=3 for T ∈T1.
Proof. Since S3C’s of T are mutually vertex-disjoint and there are at least two vertices
not belonging to the vertex set of any S3C, 3s(T )6 v(T ) − 2.
Lemma 6. {v|v = v(T ) for a certain T ∈T1; such that all S3C’s of T are elementary
and
s(T ) =
⌊
v(T ) − 2
3
⌋}
= {8; 9; 10; 12; 13; 16}:
Proof. Obviously, 4s(T )6 v(T ) and, thus, v(T )=4¿ (v(T )− 2)=3. Considering the
cases v(T ) ≡ 0; 1; 2(mod 3) one obtains the values for v(T ) listed above.
The simple exercise to show that, for arbitrary v(T ) listed above, there is a graph
in T1 on v(T ) vertices with s S3C’s which are all elementary, contains s vertices of
degree 3, and s = (v(T ) − 2)=3, is left to the reader.
Lemma 7. For arbitrary integers v ¿ 8 and s with 2 6 s 6 (v − 2)=3; there is a
T ∈T1 with v(T ) = v; s(T ) = s; and v3(T )¿ 0.
Proof. By induction on s. For s= 2, take Bv−2, consider two vertex-disjoint faces, and
insert into each of them a vertex of degree 3.
Now, let s¿ 3. Obviously, 1(v−3)¿ s−1 follows from 1(v)¿ s. Take T ′ ∈T1
with s(T ′) = s− 1; v(T ′) = v− 3; v3(T ′)¿ 0, and let x be a vertex of degree 3 of T ′
with NT ′(x)={y1; y2; y3}. For T obtained from T ′ by removing x and adding a 3-cycle
on {z1; z2; z3}, a vertex u, and the edges y1z1; y1z2; y2z2; y2z3; y3z3; y3z1; z1u; z2u; and
z3u, we have T ∈T1; v(T ) = v; s(T ) = s, and v3(T )¿ 0.
Lemma 8. If k ¿ 1 then s(T ) 6 v(T )=(4k + 4) for T ∈ T2k+1 and s(T ) 6
(v(T ) − 2)=(4k + 1) for T ∈T2k .
Proof. For d ¿ 2; T ∈ Td;  ∈ S(T ) and an integer p with 0 6 p 6 d − 1 let
Dp() be the set of vertices of T which have distance p from (a nearest vertex of)
V () in T . Clearly, |D0()| = 3 and, moreover, |Dp()| ¿ 3 for 1 6 p 6 d − 1
since Dp() is a separator of T . If |Dp()| = 3 for a certain p with 16 p6 d− 1
then Dp() is the vertex set of a S3C of T contradicting the distance condition in
S(T ). Hence, |Dp()| ¿ 4 for 1 6 p 6 d − 1. Since V (In()) ∩ D1() = ∅ and
V (Out())∩D1() = ∅, the graph spanned by D1() is disconnected, and, therefore, we
even have |D1()|¿ 5. Furthermore, Dp(1)∩Dq(2)=∅ for 1; 2 ∈ S(T ); 1 = 2,
and p; q6 (d− 1)=2 because of the distance condition in S(T ).
Case T ∈T2k+1.
v(T )¿
∑
∈S(T )
k∑
p=0
|Dp()|¿
∑
∈S(T )
(3 + 5 + 4(k − 1)) = (4k + 4)s(T ):
Case T ∈T2k .
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Following Case 1, v(T )¿ 4ks(T ) + |W |, where W =⋃∈S(T ) Dk().
Obviously, W = ∅. For an arbitrary  ∈ S(T ) let S be an arbitrary subset of
V (T ) that separates V () from W . Since every path P from V () to W also contains
a subpath P′ from V () to W with V (P′) ⊆ ⋃kp=0 Dp(), we have S ∩ (V (P′) \
Dk()) = ∅. Hence, |S| ¿ 4 because of the distance condition in S(T ). Using the
famous Menger’s Theorem, there is a set M () of at least four internally vertex-disjoint
paths each connecting V () with W and we can assume that for every path of M ()
its vertex set is a subset of
⋃k
p=0 Dp(). Conversely, two paths of M =
⋃
∈S(T ) M ()
starting at a common vertex of W and ending in two diYerent 1; 2 ∈ S(T ) are also
internally vertex-disjoint because of the distance condition in S(T ). If S(T ) ∪ W is
considered to be the vertex set of a bipartite graph, where the paths of M play the role
of its edges between S(T ) and W , then this bipartite graph is planar, has s(T ) + |W |
vertices, and has at least 4s(T ) edges. With the well-known fact, that a planar bipartite
graph H contains at most 2v(H)− 4 edges, |W |¿ s(T ) + 2 follows, which completes
the proof of Lemma 8.
Following the proof of Lemma 8 it is easy to see that Lemma 9 holds.
Lemma 9. For k ¿ 1; v(T )¿ 8k + 4 if T ∈T2k ; and v(T )¿ 8k + 8 if T ∈T2k+1.
Lemma 10. (i) For arbitrary integers k ¿ 1; v¿ 8k+4; and s with 26 s6 (v−2)=
(4k + 1); there is a T ∈T2k such that all S3C’s of T are elementary, v(T ) = v; and
s(T ) = s; and
(ii) for arbitrary integers k ¿ 1; v ¿ 8k + 8; and s with 2 6 s 6 v=(4k + 4);
there is a T ∈T2k+1 such that all S3C’s of T are elementary; v(T )=v; and s(T )= s.
Proof. First we consider the case v = (4k + 1)s + 2 and v = (4k + 4)s, respectively.
Let Gs be a plane graph without S3C’s on 4s vertices with exactly s vertex-disjoint
quadrangular faces, and such that all its remaining faces are triangular. For example,
in order to construct a Gs, embed two cycles C1 and C2 with V (C1) = {x1; : : : ; x2s}
and V (C2) = {y1; : : : ; y2s} such that V (C1) ⊆ b(C2). Now, add the edges xiyi for
i = 1; : : : ; 2s. The created plane graph has 2s 4-gons and two 2s-gons. Subdivide every
second 4-gon by the edges x2i−1y2i for i=1; 2; ::; s. Finally, triangulate the two 2s-gons
by adding 4s− 6 edges to obtain Gs.
Furthermore, let G′s be the plane graph on V (G
′
s) = {x1; : : : ; xs; y; z} with E(G′s) =
{x1y; : : : ; xsy; x1z; : : : ; xsz}. For a positive integer k embed k vertex-disjoint 4-cycles
1; : : : ; k with V ( i)={ai; bi; ci; di} and E( i)={aibi; bici; cidi; diai} for i=1; : : : ; k, in
such a way that V ( i+1) ⊆ b( i), and add the edges aiai+1; bibi+1; cici+1; didi+1; aibi+1;
bici+1; cidi+1; diai+1 for i=1; : : : ; k−1. Finally, embed a 3-cycle C with V (C)={a; b; c}
into b( k), embed a vertex d into b(C), and add the edges aka; akc; bka; bkb; ckb; ckc;
dkc; da; db; dc to obtain the graph Hk .
For d = 2k + 1 insert a copy of Hk into each 4-gon of Gs by identifying the 4-gon
with the outer cycle (a1; b1; c1; d1) of Hk , for d = 2k insert a copy of Hk into each
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4-gon of G′s by identifying the 4-gon with the outer cycle (a1; b1; c1; d1) of Hk . The
resulting graph is in Td, has s S3C’s which are all elementary, and has (4k + 4)s and
(4k + 1)s + 2 vertices, respectively.
Now, Lemma 10 is proved with the following observation. Consider an elementary
S3C  of an arbitrary T ∈ Td with d ¿ 2 and (w.l.o.g.) let In() be 4-connected.
Consider xy ∈ E(T ) with x ∈ V () and y ∈ V (Out()) \ V (). Then xy does not
belong to the edge set of any S3C of T; x and y have exactly two common neighbours
z1 and z2 in T . T ′ is obtained from T by removing the edge xy, inserting a new vertex
u, and adding the edges xu; yu; z1u; z2u. Thus v(T ′) = v(T ) + 1, and it is easy to see
that T ′ ∈T and S(T ′) = S(T ). Therefore, T ′ ∈Td.
Theorem 1 is proved by Lemmas 1, 3, 4, 5, 7, 8, 9, and 10. Theorem 2 follows from
Lemmas 2, 6, and 10. Lemmas 4, 7, and 10 imply Theorem 4. What remains are the
proofs of Theorems 3 and 5.
Proof of Theorem 3. Case d= 0. For T = T ′ ⊕ T ′′ we have v(T ) = v(T ′) + v(T ′′)− 5
and s(T ) = s(T ′) + s(T ′′) − 1. For an arbitrary integer n, de9ne f0(n) = 3n=5 − 2
if n ≡ 2(mod 5), else f0(n) = (3n − 16)=5. Using Lemmas 1, 3 and 4 we see that
f0(v(T ′) + v(T ′′) − 5) 6 f0(v(T ′)) + f0(v(T ′′)) − 1 (if T ∈ T∗0 ) and f0(v(T ′)) +
f0(v(T ′′))− 16 f0(v(T ′) + v(T ′′)− 5) (if T ′; T ′′ ∈T∗0 ). Since f0(n− 5) =f0(n)−
3, we are done provided that f0(r′ + r′′ − 5) = f0(r′) + f0(r′′) − 1 for r′; r′′ ∈
{0; 1; 2; 3; 4} with r′ 6 r′′ if and only if (r′; r′′) belongs to Table 3, which is checked
easily.
Case d = 1. Set f1(n) = (n − 2)=3. Since f1(n − 3) = f1(n) − 1, because of
Lemmas 5 and 7 it suZces to check that the following holds: f1(r′+r′′−5)=f1(r′)+
f1(r′′) − 1 for r′; r′′ ∈ {0; 1; 2} with r′ 6 r′′ if and only if (r′; r′′) is in Table 4.
Case d = 2k; k ¿ 1. Put f2k(n) = (n− 2)=(4k + 1) and suppose that v(T ′)− 2 ≡
p′(mod 4k + 1) and v(T ′′) − 2 ≡ p′′(mod 4k + 1) with p′; p′′ ∈ {0; : : : ; 4k}. With
respect to Lemmas 8 and 10 we have to 9nd out a necessary and suZcient condition
for the equality f2k(v(T ′)+v(T ′′)−5)=f2k(v(T ′))+f2k(v(T ′′))−1. Clearly, (v(T ′)+
v(T ′′)−7)=(4k+1)=(v(T ′)−2)=(4k+1)+(v(T ′′)−2)=(4k+1)−1 is equivalent
to (p′ +p′′−3)=(4k + 1)=−1, i.e. 06 p′ +p′′ 6 2, and, 9nally, 46 r′ + r′′ 6 6.
Case d = 2k + 1, k ¿ 1, is treated analogously—with f2k+1(n) = n=(4k + 4)
we use Lemmas 8 and 10 to show that f2k+1(v(T ′) + v(T ′′) − 5) = f2k+1(v(T ′)) +
f2k+1(v(T ′′)) − 1 if and only if 06 r′ + r′′ 6 4.
Proof of Theorem 5. By induction on the number of non-elementary S3C’s of T ∈T∗d.
If all S3C’s of T are elementary, then T ∈ T∗∗d and there is nothing to prove. Let
 with V () = {a; b; c} be a non-elementary S3C of T , and T ′ and T ′′ be obtained
by adding a new vertex x′ and x′′ incident with all vertices of V () to In() and
to Out(), respectively. Both T ′ and T ′′ are in T∗d (see Theorem 3) and have less
non-elementary S3C’s than T . Let x ∈ V (T ) with dT (x) = 3 be given and y; z be two
neighbours of x in T . Then x ∈ V () and (w.l.o.g) let x ∈ V (T ′′) and, therefore,
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y; z ∈ V (T ′′). Let C′′ be a hamiltonian cycle of T ′′ containing xy; yz, and (w.l.o.g.)
also containing the edges x′′a; x′′b. Let C′ be a hamiltonian cycle of T ′ containing the
prescribed edges x′c and ac, and (C′\{c; x′}) ∪ (C′′\{x′′}) is the desired hamiltonian
cycle of T .
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